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Alternative Formulations for Discrete
Gyroscopic Eigenvalue Problems

Raymond H. Plaut*
Virginia Polytechnic Institute and State University, Blacksburg, Va.

Eigenvalue problems associated with discrete gyroscopic systems have the property that the characteristic
equation is a function of the square of the eigenvalue. It may be advantageous, therefore, to replace the given
system by an equivalent one that only involves this squared parameter. Meirovitch has recently derived such an
equivalent problem for a certain class of gyroscopic systems. The original problem, involving symmetric and
skew-symmetric matrices, can be replaced by one involving only symmetric matrices. These results are extended
to a more general class of systems in the present paper. In addition, a particular form of gyroscopic system is
considered that occurs in problems such as rotating shafts and fluid-conveying pipes. For these systems an
equivalent formulation is obtained which leads to a new condition for flutter instability and a technique for
determining approximations to frequencies of vibration. An example is presented to illustrate these features.

Introduction

E a recent paper, Meirovitch1 considered discrete
^,/roscopic systems that are governed by eigenvalue

problems of the form

(X/+ G)x = (1)

where / is a In x In real symmetric nonsingular matrix, G is a
2nx2n real skew-symmetric matrix, x is a 2/7-dimensional
vector, and 0 is the 2fl-dimensional null vector. The charac-
teristic equation

\\J+G\=0 (2)

is a function of X 2 , and therefore it should be possible to find
an equivalent eigenvalue problem that only involves the
parameter X 2 . Meirovitch accomplished this for the case when
all eigenvalues X are pure imaginary, obtaining a charac-
teristic equation of the form

\\2J+K\=0 (3)

where /and Kare both real and symmetric. Each eigenvalue X
of Eq. (2) appears twice as an eigenvalue X of Eq. (3). Then,
assuming that /is positive definite, he showed that X2 could
be determined as the eigenvalues of a single real symmetric
matrix, thus transforming Eq. (2) into a standard form to
which many well-known algorithms can be applied.

In Ref. 1 Meirovitch also considered a special type of
gyroscopic system which is associated with the eigenvalue
problem

r=0 (4)

where m is an n x n real symmetric nonsingular matrix, g is an
n x n real skew-symmetric nonsingular matrix, and k is an
n x n real symmetric matrix. Again the characteristic equation

=0 (5)
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is a function of X2 and can be transformed into the form of
Eq. (2). When m and k are positive definite, J is also positive
definite and the eigenvalue problem, Eq. (5), can be trans-
formed into the standard eigenvalue problem involving a
single real symmetric matrix.

Meirovitch was motivated in this work by problems of spin-
ning bodies containing elastic parts. The free vibrations of
such systems can be related to equations of the form of Eq. (1)
or (4). In Ref. 2, Meirovitch applied these techniques to deter-
mine the response of rotating structures to external excitation.
In both these papers he was interested in systems operating
below the lowest critical speed, in which case the matrix J in
Eq. (1) and the matrices m and k in Eq. (4) are positive
definite. It is of interest to obtain similar types of results for
gyroscopic systems operating in a range of stability above the
initial critical value (such as a shaft rotating above the first
critical speed), or under conditions at which divergence in-
stability (exponentially increasing motion) or flutter in-
stability (vibrations with increasing amplitude) can occur.

In Theorem 1 it is shown that the eigenvalue problem (2)
can be transformed to the form of Eq. (3), even if the eigen-
values X are not all pure imaginary, and that the roots X 2 are
the eigenvalues of the matrix ( J ~ ] G ) 2 . Similar results for
systems of the type (4) are given in Theorem 2. The special
case of g = %h and k— (u — %2e) is then considered, where £ is
a scalar parameter. Rotating shafts and fluid-conveying pipes
are examples of systems involving this type of parameter, with
£ representing a speed of rotation or flow.3 The charac-
teristic equation

(6)

is a function of X2 and £ 2 , and Theorem 3 demonstrates how
an equivalent eigenvalue problem in terms of these parameters
can be obtained. Based on this result, a condition for the onset
of flutter instability is derived and an approximate technique
for determining vibration frequencies is proposed.

Analysis

The eigenvalue problem (1) is obtained from dynamical
systems governed by the set of linear differential equations

Jp(t)+Gp(t)=0

when the motion is assumed to have the form

(7)

(8)
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Here J and G are real 2/7 x 2n matrices while p and x are 2/7-
dimensional vectors. Attention is focused on gyroscopic
systems for which J is symmetric and nonsingular while G is
skew-symmetric. The eigenvalues can be computed from the
characteristic Eq. (2). They will be pure imaginary if J is
positive definite, but in general they may be of real or com-
plex, t Since the characteristic equation is a function of X2 , it
is possible to derive some equivalent eigenvalue problems in
terms of this parameter. Each of the 2n eigenvalues X of Eq.
(2) appears twice among the 4n eigenvalues X of the alter-
native problems. These results are presented in the following
theorem:

Theorem 1$: Consider the system

(X/+G)jt = (9)

where J is real, symmetric and nonsingular while G is real and
skew-symmetric.

a) The eigenvalues X of Eq. (9) are also the eigenvalues X of
the symmetric system

where

(X2J+K)y =

K=-GJ-*G

(10)

(11)

with each eigenvalue of Eq. (9) appearing twice as an eigen-
value of Eq. (10).

b) The eigenvalues X of Eq. (9) are the square roots of the
eigenvalues of the matrix L, i.e.,

\L-\2I\=0
where

L=(J~IG)

(12)

(13)

and /denotes the identity matrix.
c) If /is also positive definite, then the eigenvalues X of Eq.

(9) are the square roots of the eigenvalues of the symmetric
matrix K, where

(14)F=/-'2Gy- /G/-1/2

Meirovitch l proved part a when all eigenvalues are pure
imaginary and also part b. To prove part a in general, note
that

\\2j-cj-!G\ =
- IXJ-GI - \J~l\

and therefore, since !

IX/-GI = IX/+GI

IX/+GI (15)

(16)

it follows that

\\2J-GJ~IG\-0

implies Eq. (2). Parts b and c follow immediately, since

\\2J-GJ~1G\ = \J\ • \\2I-J-1GJ~1G\

and, if J is positive definite,
\\2j-GJ-'G\ =

I / ' 2 I • \\2I-J-l2GJ-(GJ-}l\ • I / ' 2 1

(17)

(18)

(19)

Even though these systems are conservative, flutter instability is
possible due to the presence of gyroscopic terms. 3

'This theorem is also valid when system (9) is of odd order, in
which case the characteristic equation (2) has the form X/(X 2 ) =0.

The alternative eigenvalue problems given in Theorem 1
may have computational advantages over the direct use of Eq.
(2). In Eq. (10), for example, the matrices J and K are sym-
metric, and V is symmetric in Eq. (14). If the system is in a
stable regime, such as when J is positive definite, then the
roots X of Eq. (2) are pure imaginary but the roots X 2 of the
alternative problems are real. In fact, the roots X2 will be real
except when flutter instability can occur in the system. Since
the characteristic Equation (2) is a function of X 2 , it appears
that X2 should be the appropriate parameter to use in these
gyroscopic problems, and Theorem 1 provides the framework
for doing this.§

Certain gyroscopic systems are governed by equations of
motion of the form

mq(t)+gq(t)+kq(t)=0 (20)

where m, g, and k are real n x n matrices, with m and k sym-
metric and g skew-symmetric, and q is an /7-dimensional vec-
tor. When

=/• exp (21)

one obtains the eigenvalue problem (4) and the characteristic
equation (5). By introducing the state vector

\r
(22)

one can transform Eq. (4) to the form (1), in which J and G
are 2/7 x 2n matrices that can be defined by :,

m

0

0 g

-b
(23)

where b is any nonsingular n x n matrix. Here J and G are not
necessarily symmetric and skew-symmetric, respectively, but
the characteristic equation (2) is still a function of X2 due to
the form of Eq. (4). Alternative problems in terms of X 2 can
be obtained again, and they are stated in the following
theorem:

Theorem 2: Consider the system

(24)

where m is real, symmetric and nonsingular, g is real, skew-
symmetric and nonsingular, and k is real and symmetric.

a) The eigenvalues X of Eq. (24) are also the eigenvalues X
of the system

(X2J+K)y = (25)

where

m \ 0
J= I— -f-

0 ! b
K=

k-gm-

bm~l g

— gm~Jk

bm~lk

(26)
and b is any nonsingular matrix, with each eigenvalue of Eq.
(24) appearing twice as an eigenvalue of Eq. (25).

b) The eigenvalues X of Eq. (24) are the square roots of the
eigenvalues of the matrix L, where

L =
m' ' (gm'tg-k) Irn'^rn-^

— m~!g \ — m~!k
(27)

*The eigenvectors of the original system can be determined easily if
the eigenvalues and eigenvectors of the alternative problem have been
computed (see the Appendix).
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c) If m is also positive definite, then the eigenvalues X of
Eq. (24) are the square roots of the eigenvalues of the matrix
K, where

V=
— cm'1 gm~V2 — cm~!kc

(28)

and c is any nonsingular matrix.
To prove part a, let

y= (29)

where yl and y2 are /i-dimensional vectors. Then Eq. (25)
yields the equations

FromEq. (30b),

(30

and substitution of this expression into Eq. (30a) leads to the
equation

Since

\\2m-\g + k\ =

(32)

(33)

it follows from Eq. (32) that the (repeated) eigenvalues X of
Eq. (25) are the same as those of Eq. (24). The relationship

• \\2J+K\ (34)

leads to part b. If one sets b = c2 in Eq. (26), one can show
that

and therefore

I X 2 / - K I = \J-[/1\ • \\2J+K\

(35)

(36)

which proves c.
In Theorem 2 the nonsingular n x n matrices b and c may be

chosen arbitrarily. For example, using m for b yields

/=
0

0 m
K=

(37)
If b and c are selected as the identity matrix, then they simply
can be deleted from the expressions for K and V in Theorem
2. If k is nonsingular, the choice b — k makes J and K sym-
metric, while Kcan be made symmetric if k is positive definite
by choosing c = £ ' : ; these particular values were used in Ref.
1.

For some gyroscopic systems the equations of motion (20)
have the special form

mq(t) =0 (38)

where m, h, u, and e are real n x n matrices, with m, u, and e
symmetric and h skew-symmetric, and £ is a scalar parameter.
Equation (6) gives the associated characteristic equation when
motion of the form (21) is assumed. Since this characteristic
equation is a function of X2 and J 2 , it is natural to seek alter-
native problems involving these parameters. Two such for-
mulations are given in the following theorem:

Theorem 3 Consider the system

(39)

where m is real, symmetric, and nonsingular, h is real, skew-
symmetric, and nonsingular, and u and e are real and sym-
metric.

a) The eigenvalues X of Eq. (39) are also the eigenvalues X
of the system

(40)

where
. VI)

A —

(30a)

(30b)
\^- —

r -
_ o

U
•

_ 0

0 ~

m

— hn

14

t

«- '«"

f

r -~(e + hm~!h)
o

" L *
/zw ~le

— e

(41)

with each eigenvalue of Eq. (39) appearing twice as an eigen-
value of Eq. (40).

b) If m is also positive definite, then the eigenvalues X of
Eq. (39) are the square roots of the eigenvalues of the matrix
W, where

(42)

1 ea

am~}hm am~ea
(43)

and a is any nonsingular matrix.
To prove Theorem 3, first assume £;*0 and let y have the

form (29). Equation (40) leads to the relations

/
T2' (44)

and

2_
F

1 (\2m

(45)

Hence the eigenvalues of Eq. (40) satisfy Eq. (6). Part b
follows directly from Theorem 2 c with g = ^hf k = u — %2e,
and the choice c = £a. If £ = 0, Eq. (40) yields

(46a)

(46b)

(47)

which is the same as Eq. (6). A similar proof shows that part b
is also valid when £ = 0.

For gyroscopic systems of the form (38), the total energy 8
is given by

and therefore the eigenvalues of system (40) satisfy

8 = (48)
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During motion,

d£/d/ = (49)

and therefore the system is conservative. Due to the
gyroscopic matrix h, however, flutter instability may occur
for certain values of £, and it is of interest to determine a
"flutter condition" that is satisfied at the onset of flutter.
Consider the form (40) and let A 2 = -co2, so that

(50)

(51)

(52)

Also, let z denote the left eigenvector, i.e.,

Assuming z TBy^Oy the expression

zTBy

is stationary with respect to variations in y and z if Eqs. (50)
and (51) are satisfied.4 Now consider the "loading-
frequency" characteristic curves in the (o> 2 ,£ 2 ) plane.3 At
the onset of flutter instability, two vibration frequencies
coalesce and the corresponding characteristic curve has a zero
slope. Hence, for the appropriate eigenvectors y and z, the
slope expression5

(53)d ( o > 2 )

leads to the flutter condition

(54)

One can also make use of the slope expression (53) to deter-
mine approximate values of vibration frequencies. This will
be illustrated by an example.
Example

Consider a circular, elastic, simply supported pipe of mass
per unit length \i conveying a fluid of mass per unit length 6 at
constant velocity v. Let x denote the axial coordinate, t the
time, w(x,t) the transverse displacement, 5 the bending stiff-
ness, and f the length of the pipe. The equation of motion is
assumed to be6

dx4 dx2 dxdt dt2 =0

Define the nondimensional quantities

7 =

(55)

(56)

where 0 is the frequency of vibration. Using the Galerkin
procedure with the first two modes of free vibration yields a
set of equations of the form (39) with A = /o>,

m —
1 0 '

01

1 0

0 4

0 -a

a 0

1 0

0 16

(57)

where a2 = 256y/(9Tr2). Characteristic curves in the (a?2 ,£2)
plane for the cases a2 = 0.5, 1.0, and 1.5 can be found in Ref.
3.

For the alternative system (50), Eq. (41) gives A =/,

(a2 -1) 0 0 -4a

0 (a2-4) a 0

0 -a -1 0

a 0 0 - 4

1 0 0 16a

0 16 -a 0

0 0 1 0

0 0 0 1 6

*-*, _ (58)

The slope expression (53) can be used to determine ap-
proximate values of w 2 . For example, consider the fun-
damental characteristic curve in the first quadrant of the
(o)2 ,£2) plane. An approximation to this curve can be ob-
tained by drawing the tangents to the curve where it intercepts
the oj2 and £2 axes. From Eq. (6), the intercept at £ 2 = 0 is
found to be o>2 = l. Equations (50) and (51) yield the
corresponding eigenvectors >> and z, respectively, and Eq. (53)
then gives the value of the slope as

15
d(o;2) (75 + a2)

(59)

Similarly, the £2 intercept is £2 = 1 and the slope there is
found to be

2 )
12 (60)

Connecting these two tangents yields a piecewise linear ap-
proximation to the fundamental characteristic curve, as
shown in Fig. 1 for the case a2•= 1. (The dashed line segment
connecting the intercepts in Fig. 1 corresponds to the case
h = 0, i.e., a = 0, and hence is an upper bound to this curve).3

Based on Theorem 3, therefore, one can obtain an ap-
proximation to the fundamental vibration frequency for ail
fluid velocities below the critical value, simply by computing
and utilizing the appropriate eigenvalues and eigenvectors for
the case $2 = 0 and the case w2 = 0.

Conclusions

It is shown that eigenvalue problems for discrete gyroscopic
systems can be transformed to equivalent problems involving

0.5

UPPER BOUND

A P P R O X I M A T I O N

0 0.5 1

u>2

Fig. I Fundamental characteristic curve for fliiid-conveying pipe.
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the square of the eigenvalue. These alternative problems may
be more efficient for computational purposes. In some cases
they only contain symmetric matrices. Often they involve real
parameters while the original problem has complex solutions.
For the gyroscopic systems considered in Theorem 2, there is a
matrix in the alternative formulation which is free to be
chosen so as to increase the efficiency of a particular
algorithm. Finally, for the special class of gyroscopic systems
treated in Theorem 3, the equivalent problems involve the
squares of both parameters X and £, leading to a convenient
representation in the (u 2 , £ 2 ) plane, where A 2 — — w 2 , and to
useful properties of the characteristic curves in that plane.

Appendix

The eigenvectors of the original system can be obtained in
the usual manner, substituting the computed eigenvalues into
the original equations and solving the resulting set of linear
algebraic equations. However, if the eigenvectors of the alter-
native problem have been found, they can be utilized to deter-
mine the original eigenvectors with the solution of just a single
equation.

First consider Theorem 1 with the original system having
the form (9). For a particular (double) eigenvalue A2 of
problem (10) there will generally exist two linearly in-
dependent eigenvectors y(

c
n and y(

L
2). The eigenvector jcc.

corresponding to \. in system (9) will be a linear combination
of these, i.e.,

(2) (Al)

and the ratio dt/d2 can be determined simply by solving any
one of the equations obtained when \. and this expression for
xc are substituted into Eq. (9). The same procedure is valid for
the alternative problem of Theorem Ib, using the eigenvectors
of the matrix L. For part c, if the eigenvectors of V are
denoted by y^ J= 1,2, one can find xc with the use of '

•2y^, y=7,2 (A2)

andEqs. (Al)and(9).
If the original system has the form (24) of Theorem 2, one

can apply Eq. (Al) to the eigenvectors of Eq. (25) or of the
matrix L and then obtain the eigenvector r = rc from Eq. (22).
The procedure for Theorem 2c is similar to that for part c of
Theorem 1. When form (39) is applicable, the eigenvectors
y^.J) from Eq. (40) are the same as those from Eq. (10) that
are used in Eq. (Al), whereas in Theorem 3b the eigenvectors
y(,l} of ^are related to y(

c'} by Eq. (A2).
As an example, consider the system (39) with the matrices

defined by Eq. (57). Let a = 2 and £ - 1, and choose b = m in
Eq. (26). For alternative problem (40) or, equivalently, Eq.
(25), one has J-A-/and

4 0 0 2 4

0 16 0 0

0 - 2 0 0

2 0 0 12

(A3)

The double roots of Eq. (3) are A 2 = 0 and A2 =-16.
Corresponding to A2 = - 16 are the two eigenvectors

2

0

0

1

(2) _—

0

-8

1

0

(A4)

Equation (9), with A = 4/, x defined by Eq. (Al), and G from
Eq. (23) as

G =

0

2

-1

0

- 2 0 0

0 0 12

0 0 0

- 1 0 0

(A5)

then yields 4 equations in d', and d2, any one of which gives
d, =2id2. Hence

4i

and, from Eq. (22),

1

21

1 '

2i

(A6)

(A7)

In a similar manner, the eigenvalue A~ =0 leads to the eigen-
vector

of the original system.

1

0
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